Algebraically fibering group is an algebraic generalization of the fibered 3manifold group in higher dimensions. Let M (P) and M (E) be the cusped and compact hyperbolic real moment-angled manifolds associated to the hyperbolic right-angled 24-cell P and the hyperbolic right-angled 120-cell E, respectively. Jankiewicz-Norin-Wise showed in [13] that π1(M (P)) and π1(M (E)) are algebraic fibered. Namely, there are two exact sequences
Introduction
A group G virtually algebraically fibers if there is a finite index subgroup G admitting an epimorphism G → Z with finitely generated kernel H [13] . The group H is called the fiber-kernel of the algebraic fibration. Virtual fibrations of 3-manifold groups are fundamental problems in the study of 3-manifold topology. According to the well-known Stallings' criterion, provided G is the fundamental group of an oriented, aspherical, compact 3-manifold M and G virtually algebraically fibers, then its fiber-kernel is the fundamental group of a surface S, and a finite-sheeted cover M of M , corresponding to a finite-index subgroup G < G , is an S-bundle over a circle [19] . Except a limited class of closed graph manifolds, every compact aspherical 3-manifold M with χ(M ) = 0 does virtually fiber [1, 2, 18, 21] . Kielak generalized the result of Agol and showed that a finitely generated virtually residually finite rational solvable (RFRS) group G virtually admits algebraic fibration if and only if its first L 2 -Betti number β (2) 1 vanishes [16] . See also [11, 20] for virtually algebraic fibrations of complex hyperbolic manifolds. Recently, Friedl and Vidussi use the BNS-invariant to show that the finitely generated group G in an extension 1 → H → G → K → 1 algebraically fibers if b 1 (G) > b 1 (K) > 0 [12] . Agol-Stover showed in [3] that certain Bianchi groups are virtually fibered on congruence subgroups .
Besides the finite generation, we want to say more about the finiteness properties of the fibered-kernel. In 1994, Bowditch and Mess [6] reported an example of a compact hyperbolic 4-manifold M , whose fundamental group π 1 (M ) has a finitely generated subgroup H while H does not admit a finite presentation. Kapovich showed in [14] that, given a complex hyperbolic manifold M of complex dimension of at least two, if π 1 (M ) algebraically fibers, then the fiber-kernel is definitely not finitely presented. See also [15] for the non-coherence of arithmetic hyperbolic lattices and [17] for interesting result of fiber-kernels of hyperbolic groups. An aspherical manifold algebraically fibers if its fundamental group algebraically fibers. In this paper, we consider two special four-dimensional real hyperbolic manifolds. These are the first twp examples of higher dimensional real hyperbolic manifolds that are algebrically fibered with finitely generated, but not finitely presented fiber-kernels. The finite generation was proved by [13] . Our contribution is to give a negative answer to the finite presentation of the fiber-kernel. The main theorem is as below: Theorem 1.1. Let M (P) and M (E) be the cusp and compact hyperbolic real moment-angled manifolds associated to the hyperbolic right-angled 24-cell P and the hyperbolic right-angled 120-cell E, respectively. For the algebraic fibrations
given by Jankiewicz-Norin-Wise in [13] , the fiber-kernel groups H P and H E are not F P 2 . In particular, they are finitely generated, but not finitely presented.
The outline of this paper is as follows. In Section 2, we give some preliminaries on the finiteness properties of groups, the right-angled Coxeter groups, the Bestvina-Brady's Morse theory on cubical complexes and the Jankiewicz-Norin-Wise's admissible systems. In Section 3 and Section 4, we prove Theorem 1.1 in the cases of 24-cell and 120-cell, respectively.
Virtually Algebraically Fibering of right-angled Coxeter group C(Γ)
In this section, we review the Jankiewicz-Norin-Wise's legal system theory about virtually algebraic fibrations of right-angled Coxeter groups. The Bestvina-Brady's Morse theory matters a lot in this part. Some related terminologies about finiteness of a group are presented as well for the convenience of readers.
2.1. Finiteness properties of groups. We consider the following finiteness conditions for groups.
Equivalently, a group is of type F n if it acts freely, properly, cellularly and cocompactly on a (n − 1)-connected cell complex. Clearly, a group is finitely generated if and only if it is of type F 1 ; and a group is finitely presented if and only if it is of type F 2 .
By replacing the condition of "(n − 1)-connected" with another condition of "integercoefficient homological (n−1)-connected", we obtain a weaker finiteness property called F H n . Clearly, if a group is of type F H 1 , then it is of type F 1 .
Another finiteness property F P n , which is slightly weaker than the property F H n , was introduced by Bieri [4]: Definition 2.2. A group H is said to be of type F P n if there exists a resolution P n → P n−1 → · · · → P 0 → Z of the trivial ZH-module Z by finitely generated projective ZH-modules P i . By Schanuel's lemma, we have a standard way to show H is of type F P n but not of type F P n+1 . Readers can refer to [8] for the detailed proof.
where all the P i are finitely generated projective over ZH, and Z n is not finitely generated over ZH. Then H is of type F P n but not of type F P n+1 . Proposition 2.3 yields the following useful topological lemma. Then, we can use the topological information of the group action of H on a cell complex to conclude the finiteness properties of H. Lemma 2.4. ( [7] ) Suppose that the group H acts freely, properly, cellularly, and cocompactly on the cell complex X. Then the following implications hold.
(1) If H i (X; Z) = 0 for 0 ≤ i ≤ n − 1 and H n (X; Z) is not finitely generated as a ZH-module, then H is of type F P n but not of type F P n+1 .
(2) If X is (n − 1)-connected, then H is of type F P n+1 .
Right-angled Coxeter groups.
Definition 2.5. The right-angled Coxeter group C(Γ) associated to a finite simplicial graph Γ is defined as
where V (Γ) and E(Γ) are the vertex set and edge set of Γ, respectively.
There is a canonical way to construct an Eilenberg-Mac Lane space for the group C(Γ), for example see [9] . More precisely, the Coxeter group C(Γ) acts properly and cocompactly on a CAT(0) cube complex X, known as the Davis complex of C(Γ). The 1-skeleton of X is isomorphic to the Cayley graph of C(Γ) after identifying each bigon to an edge, and the n-cubes are equivariantly added to the 1-skeleton for each collection of n pairwise commuting generators. Note that there is a natural abelianization epimorphism α :
. Let G = ker(α) and X = G \ X. Jankiewicz-Norin-Wise [13] showed that such X fits the setting of Bestvina-Brady's Morse theorey.
2.3.
Bestvina-Brady's Morse theory on cubical complexes. Bestvina and Brady used the equivariant Morse functions on cube complexes to study the finiteness properties of certain subgroups of right angled Coxeter groups [5, 7] . Here, we report some relevant definitions about the Bestvina-Brady's Morse theory on cubical complexes. Definition 2.6. Suppose that the group G acts freely, cocompactly, properly, by isometries on a contractible cubical complex X with X = G \ X and thus, π 1 (X) = G . Let φ : G → Z be an epimorphism, and let Z act on R by standard translations. The continuous map
(2) For each n-cell e of X with characteristic map χ e : n → X, where χ e ( n ) = e and n is the standard n-cube, the composition φ • χ e : n → R extends to an affine map R n → R and φ • χ e is constant only for n = 0.
Note that if φ is induced by a map φ * : X → S 1 , namely φ : π 1 (X) → π 1 (S 1 ) = Z with kernel H, it naturally satisfies the equivariant condition (1) in Definition 2.6. If the restriction of φ * on every n-cube of X is the composition of a linear map R n → R, (x 1 , x 2 , · · · , x n ) → i ± x i and the quotient map R → R/Z, the map φ * is called a diagonal map [13] . The function φ in diagram below would naturally satisfy the
other two conditions (2) and (3) in Definition 2.6.
It is observed in [5] that cubical complexes have a natural PL structure. Thus given a n-cell e in a cubical complex X with characteristic map χ e : n → R, and a vertex w ∈ n mapping to v ∈ e, we have a well-defined map of links
The link Lk(v, X) can be viewed as a union
Lk(v, X) = {χ e * (Lk(w, n )) | e is a cell of X and χ e * (w) = v}. Definition 2.7. Let φ : X → R be a φ-equivariant Morse function. Define the ascending link at a vertex w of the cube complex X with respect to φ to be A w = {χ e * (Lk(w, n )) | χ e * (w) = v and φ • χ e has a minimum at w }, and the descending link at w with respect to φ to be D w = {χ e * (link(w, n )) | χ e * (w) = v and φ • χ e has a maximum at w }.
Bestvina and Brady showed in [5] and [7] the following theorem that simple topological conditions on links give rise to the finiteness properties for the kernel subgroup. (1) (Bestvina-Brady [5] )Suppose that each ascending link and each descending link is homologically n-connected. Then H is of type F H n+1 .
(2) (Brady [7] )Suppose the reduced homology of each ascending link and each descending link is zero in all dimensions 0 through n+1, except for dimension n. Then H is of type F P n but is not of type F P n+1 .
2.4. Jankiewicz-Norin-Wise admissible system. First, We introduce some useful combinatoric terminologies proposed by Jankiewicz-Norin-Wise [13] about providing virtually algebraic fibrations. Let Γ = Γ(V, E) be a simplicial graph with vertex set V and edge set E.
A state of Γ is a subset S ⊂ V . The state is legal if the subgraphs induced by S and by the complement V − S of S in V are both nonempty and connected.
Identify Z |V | 2 with 2 V in the obvious way where ∅ corresponds to the identity element and multiplication in Z |V | 2 corresponds to the symmetric difference in 2 V . Both state and moves can be identified with some elements of Z
The move system is legal if there is a starting state S such that all of elements in the M -orbit M · S are legal states. We say such an orbit a legal orbit and such a pair of legal move system and starting state an admissible system. By Theorem 2.8, the connectness condition implies the finiteness properties for the kernel subgroup. Because the connectedness of a simplicial complex is determined by the connectedness of its 1-skeleton, we focus entirely on the 1-skeleton when discussing the ascending and descending links. Note that a diagonal map is determined by directing the 1-cubes of X so that the orientations of opposite 1-cubes of each 2-cube agree. Jankiewicz-Norin-Wise showed the following combinatoric argument of legal system to provide virtually algebraic fibering of right-angled Coxeter group C(Γ). The proof in [13] is quite sketchy, we report more details here for the convenience of readers. Theorem 2.10. (Jankiewicz-Norin-Wise [13] ) Let Γ be a finite simplicial graph. Suppose there is an admissible system of legal move system and starting state over the graph Γ, then there is a Bestvina-Brady's Morse function f : X → R whose ascending and descending links of the 0-cube of X are non-empty and connected, where X is the cubical complex corresponding to C(Γ), X = G / X, V is the vertex set of Γ and G = ker
with a set of vertices V i ∈ 2 V in the obvious way where ∅ is the identity element and multiplication is the symmetric difference. Namely we have a map ϕ :
, we label other 0-cubes of X as z i x. Suppose the 0-cubes that connected to z i x by 1-cubes are denoted by z i 1 x, z i 2 x, · · · , z i 2 |V | x, the set of the differences of z i with z i l , 1 ≤ l ≤ 2 |V | , is exactly the standard basis of Z
By the given legal system and state, we can direct the 1-cubes at z i x by the following manner: a 1-cube is outgoing if the corresponding vertex v of link(z i x) is in z i S and it is incoming if v ∈ z i S.
Let z k x and z j x be the endpoints of the 1-cube c corresponding to a move v of Γ. And we use z k x z j x to denote the direction of 1-cube c. Suppose the symmetric difference of the vertex sets V k = ϕ(z k ) and 
By property (2) required in Definition 2.9, m v 1 and m v 2 should be (1, 0, · · · ) and (0, 1, · · · ), respectively. Then the directions of the 1-skeleton of the 2-cube can be well defined. For example, if S contains vertices v 1 and v 2 , and the mz 1 = (1, 1, . . . ), then we obtain the directions as shown by red arrows in Figure 1 . It can be shown analogously in other cases. By Theorem 2.8 (1) and Theorem 2.10, there is a corollary as follows; the finite generation is thus obtained: Corollary 2.11. (Jankiewicz-Norin-Wise [13] ) Let Γ be a simplicial graph. If Γ admits an admissible system of moves and state, then the right-angled Coxeter group of C(Γ) of Γ has a finite index subgroup G such that there is an epimorphism G → Z with finitely generated kernel is guaranteed .
The fiber kernel of the real moment-angled manifold over the 24-cell P with respect to the map φ P
The 24-cell P is one of six convex regular 4-polytopes. Its co-dimensional one faces areoctahedra; in total of 24 There are 6 co-dimensional one facets meeting at each vertex and 3 at each edge. It can be realized as a right-angled ideal hyperbolic polytope in the four-dimensional hyperbolic space H 4 . Let G be the Coxeter group of reflections in the 3-dimensional faces of the right-angled 24-cell. Sine the 24-cell is self-dual, we still use Γ P to denote the 1-skeleton of the dual of the 24-cell. The right-angled Coxeter group C(Γ P ) = G acts properly and cocompactly on a CAT (0) cube complex X P . X P = G / X P , G = ker (C(Γ P ) → Z |V (Γ P )| 2 ).
We may construct a cusped real hyperbolic manifold M (P) by the action of G < C(Γ) on the hyperbolic space H 4 . Such manifold is called a real moment-angle manifold in some literature, for example see [10] . Note that the usual real moment-angled manifold is defined over a simple polytope. For an edge-simple n-polytope, rather than being glued together for compact ends, the 2 n copies of P around a vertex contribute a cusp. The smoothness are guaranteed also by [9] . In addition, X P is homotopic to M (P), thus π 1 (X P ) = π 1 (M (P)).
3.1. The 1-skeleton of the 24-cell. The graph Γ P can be obtained from the 1-skeleton of the 4-cube by adding 8 vertices and 64 edges. More precisely, for each of the 3-cubes in the 4-cube, an extra vertex is added and connected to all vertices of its "surrounding" 3-cube as shown in Figure 2 . We learn the Figure 2 3.2. Admissible system of the 1-skeleton of the 24-cell Γ P . Jankiewicz-Norin-Wise reported in [13] a legal move system of Γ P , which is obtained from a legal move system of the 1-skeleton of 4-cube. The bipartite structure of the 4-cube, as shown in Figure 3 , naturally provides two move elements. All of the extra vertices consist of the third move. We report the admissible system of move system {m 1 , m 2 , m 3 } and one starting state S of Γ P constructed in [13] here: (1, 3, 6, 8, 10, 12, 13, 15 ), 4, 5, 7, 9, 11, 14, 16) , (17, 18, 19, 20, 21, 22, 23, 24) , S = (1, 2, 6, 14, 15, 16, 4, 17, 18, 19, 20) .
And the legal orbit is as follows: S = (1, 2, 4, 6, 12, 14, 15, 16, 17, 18, 19, 20) , 3, 4, 8, 10, 13, 14, 16, 17, 18, 19, 20) , (1, 5, 6, 7, 9, 11, 12, 15, 17, 18, 19, 20) , (1, 2, 4, 6, 12, 14, 15, 16, 21, 22, 23, 24) , (3, 5, 7, 8, 9, 10, 11, 13, 17, 18, 19, 20) , 3, 4, 8, 10, 13, 14, 16, 21, 22, 23, 24) , m 2 m 3 S = (1, 5, 6, 7, 9, 11, 12, 15, 21, 22, 23, 24) , (3, 5, 7, 8, 9, 10, 11, 13, 21, 22, 23, 24) . By Corollary 2.11, Jankiewicz-Norin-Wise [13] showed there exists an exact sequence
where the fiber-kernel H P is finitely generated.
3.3.
The fiber-kernel is not of type F P 2 . We now show H P in (3.2) is not finitely presented. By Theorem 2.8, we have the following lemma to depict the finiteness of the fiber-kernel H P : (2) H 1 (A i ; Z) = 0, H 1 (D i ; Z) = 0.
Then the fiber kernel H P of φ P : π 1 (M (Γ P )) → Z is finite-generated, but not finitepresented.
We calculate the homologies about all of the ascending and descending links as shown in Table 1 . For example, the descending link spanned by the vertex set m 1 m 2 S is as shown in Figure 4 . More precisely, the 24-cell without interior is a simplicial complex; the descending link is a full-subcomplex of it, which is of dimension at most three and of the vetex set m 1 m 2 S. This descending link has • 12 vertices labeled by 3, 7, 8, 20, 5, 13, 17, 9, 19, 11, 10, 18; • 24 edges labeled by (3, 7) , (3, 19) , (3, 11) , (7, 8) , (7, 20) , (7, 18) , (8, 20) , (20, 5) , (20, 13) , (20, 9) , (5, 13) , (13, 17) , (13, 9) , (17, 9) , (17, 11) , (17, 10) , (9, 19) , (9, 10) , (19, 11) , (19, 10) , (11, 10) , (11, 18) , (10, 18) , (18, 3) ;
• 12 triangles labeled by (3, 7, 18) , (3, 19, 11) , (3, 11, 18) , (7, 8, 20) , (20, 5, 13) , (20, 13, 9) , (13, 17, 9) , (17, 9, 10) , (17, 11, 10) , (9, 19, 10) , (19, 11, 10) , (11, 10, 18) .
• no tetrahedron. This descending link is homotopic to S 1 . Homologies of the ascending and descending links with respect to φ P are as shown in Table 1 . In particular, the descending link spanned by the vertex set m 3 S is homotopic to S 1 ∨ S 1 . Table 1 . Homologies of the ascending and descending links with respect to φ P at each 0-cube of X Γ
By Table 1 , we complete the proof of Theorem 1.1 for the real moment angle manifold over the 24-cell P.
4.
The fiber kernel of the real moment-angled manifold over the 120-cell E with respect to the map φ E The 120-cell E is a notable convex regular 4-polytope that admits an embedding in the four-dimensional hyperbolic space H 4 as a right-angled polytope. The dual of the 120-cell is the 600-cell that has 600 co-dimensional one faces of tetrahedra and the link of each vertex is an icosahedron. We use Γ E to denote the graph of 1-skeleton of 600-cell.
4.1.
The 1-skeleton of the 600-cell. The combinatoric knowledge about the 600-cell is collected from Jankiewicz-Norin-Wise's paper [13] and from the web [22] . We report them here for the convenience of readers. We learn the Figure 5 and Figure 6 from [13] .
Let's prepare a torus represented by a 10 × 10 grid ahead. The combinatorics of the 1-skeleton of the 600-cell can be depicted as follows:
• There are in total of 120 vertices:
(1) 100 of them are given by the 10 × 10 grid and named ordinary vertices. These vertices are bi-partied into even vertices and odd vertices, which are in red and blue, respectively, in Figure 5 ; (2) The other 20 vertices named hovering vertices. Ten of them are in consecutive pairs of vertical cycles, which are named even hovering vertices and colored by red in Figure  5 . Whereas, the other ten are in consecutive pairs of horizontal cycles, which are named odd hovering vertices and colored by blue in Figure 5 .
• There are in total of 720 edges:
(1) 200 of them are given by the grid edges;
(2) 100 of them are given by joining the ordinary vertices even-to-even and odd-to-odd as shown in Figure 5 ; (3) 100 of them are given by adding two diagonals in each square of the grid as shown in Figure 5 (4) 100 of them are given by attaching each even hovering vertex to all ten even vertices of the two vertical cycles that the even hovering vertex is in between as shown is Figure 5 . Whereas 100 of them are given by attaching each odd hovering vertex to all ten odd vertices of the two horizontal cycles that the odd hovering vertex is in between as shown is Figure 5 . (5) 20 of them are given by adding edges between consecutive even hovering vertices and consecutive odd hovering vertices 
4.2.
Admissible system for the 1-skeleton of the 600-cell Γ E . By [13] , there is a system of moves for the 600-cell's 1-skeleton Γ E . The vertices of the grid-vertices of Γ E are labelled by {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} as on the right in Figure 6 : The even hovering vertices are labelled by 0 , 2 , 4 , 6 , 8 , 0 , 2 , 4 , 6 , 8 consecutively. The odd hovering vertices are labelled by 1 , 3 , 5 , 7 , 9 , 1 , 3 , 5 , 7 , 9 consecutively.
The start state S 0 consists of all 60 vertices in alternate horizontal circles of the torus, together with a choice of alternate vertices in both even and odd hovering cycle as shown in Figure 9 . Consider the move system consisting of 20 moves m 1 , m 2 , · · · , m 20 , which corresponding to the distinct labels {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0 , 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 } for the vertex set of Γ E . By Corollary 2.11, Jankiewicz-Norin-Wise [13] reported an exact sequence
where H E is finitely generated; φ E is induced from a Bestvina-Brady's Morse function and is constructed by Jankiewicz-Norin-Wise in [13] . Here M E is the real moment-angle manifold over the 120-cell E and π 1 (M (E)), by definition, algebraically fibers.
The right-angled Coxeter group C(Γ E ) = G acts properly and cocompactly on a CAT (0)
). Therefore, X E is the 4dimensional cube complex homotopic to M (E). The set {m 1 , m 2 , · · · , m 20 } is a move system M of the 1-skeleton Γ E of the 120-cell E . The sets of moves generate a subgroup of Z
where V (Γ E ) is the vertex set of Γ E . Denote the ascending and descending links by A i and D i , respectively. Although | m 1 , m 2 , · · · , m 20 | = 2 20 , we do not need to calculate all of the pairs of reduced homology groups of the ascending link A i and descending link D i with respect to the vertex v i of the cube complex X E . By referring details of Theorem 4.7 in Brady's paper [7] , it turns out that we only need to ensure the following two conditions to claim that the fiber-kernel H E in (4.1) is not F P 2 :
(a) H i (A j ; Z) = 0, H i (D j ; Z) = 0, i = 0, 2, j = 1, 2, ..., 2 20 .
(b) There exists some descending link, for example D 1 , such that H 1 (D 1 ; Z) = 0.
4.3.
The fiber-kernel is not of type F P 2 . Now we are going to verify conditions (a) and (b) proposed above.
Proof of condition (a):
We use the notation φ E , X, A i , D j as claimed above. By [13] , the ascending links A i and descending links D j are always connected. We need to show that
The vertex linking of a vertex of the cube complex X E is always a 600-cell, which is homeomorphic to S 3 . We still use the notation A i and D i to denote the parts of S 3 that A i and D i are projected onto. We claim that A i and D i can be separated by a connected closed orientable surface F i in S 3 . First, the boundary of 600-cell consists of 600 tetrahedra. In one tetrahedron, there is a canonical way to construct a hyperplane to separate the vertices in A i and D i as shown in Figure 7 . All of these hyperplanes can be glued together to form a closed surface F i in S 3 that separating A i and D i . Moreover, F i is guaranteed to be orientable because every closed surface in S 3 is orientable. Denote the parts of S 3 that contains A i and D i by A i and D i , respectively. Then A i ∩ D i = F i , A i ∪ D i = S 3 , A i and D i are strong deformations of A i and D i , respectively. Figure 7 . There is always a canonical hyperplane in a tetrahedron that separates the vertices belonging to A i , denoted by a ij , and D i , denoted by d i k .
Next, if the separating surface is not connected, in other words, F i = F i F i , since every closed surface in S 3 is separating, then A i and D i are not connected either as shown in Figure 8 .
That contradicts with the assumption that A i and D i are connected. Thus A i ∩ D i = F i is a closed connected orientable surface.
Figure 8
Now, for each i, we have a Mayer-Vietoris sequence
where f * = ∆ 3 • τ • i * is an isomorphism induced by the long exact sequence
where τ is induced by exclusion. Therefore, H 2 (A i ; Z) = H 2 ( A i ; Z) = 0, H 2 (D i ; Z) = H 2 ( D i ; Z) = 0.
Proof of condition (b):
In the following, we calculate that H 1 (D 1 ; Z) = 0, where descending link D 1 is the full-subcomplex of the 600-cell that defined on the starting state S 0 . Because the descending link is connected and we already have H 2 (D 1 ; Z) = 0, the Euler characteristic χ(D 1 ) = β 0 (D 1 ) − β 1 (D 1 ) + β 2 (D 1 ) − β 3 (D 1 ) = 1 − β 1 (D 1 ).
On the other hand, we can calculate χ(D 1 ) by counting simplices of dimension 0, 1, 2 and 3 in the simplicial complex D 1 . As shown in Figure 9 , there are in total of 60 vertices in D 1 , then e 0 = |S 0 | = 60. Moreover, 150 edges can be found in D 1 , including 50 edges of type , 25 edges of type , 25 edges of type , 25 edges of type , 25 edges of type . Namely e 1 = 150. There are 75 triangles in total in D 1 , including 25 triangles of type , 25 triangles of type , 25 triangles of type , so e 2 = 75. No tetrehedra can be obtained in D 1 and thus e 3 = 0. So we have χ(D 1 ) = 60 − 150 + 75 − 0 = 15 = β 0 (D 1 ) − β 1 (D 1 ). Therefore β 1 (D 1 ) = 16 = 0. Now, We complete the proof of Theorem 1.1 for the real moment angle manifold over the 120-cell E.
